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Thermodynamics of computation : a I
summary of very classic and fundamentalI issues

· I
-

In this lecture we go through classic

material on termodynamics of computation.

Thermodynamics was ban in the 19th century

Drough questions intimately related to thermal

engines transforming heat into mechanical wak

and vice-versa
.
A centret concept which emerged

is "entropy" which now pervedu many fields

beyond classical thermodynamics . (See for

example en
. wikipedia . org/wiki/Entropy . (

Thermodynamics of computation similarly

concas "modern machines" which are



&

"computing device" & "Sensing devices"
.

The

basic questions are again : what are the retations

between heat
,
wak

,
and the tesk of information

processing. There quations are relevant both

for classical information processing and quantum

information processing . There isalready a

bug history of investigations in this reatur.

Taday we tanch upon very classic material

1) Maxwell's deman

2) Sziland's engine
3) Landave's principle
4 Benmelt's view an Maxwell deman & Sziland's engine.

Modern solution of paradoxes through Landave'smincile

5) Irrevensible and revessible computing

6) A deper dive into Landomen's principle :

Study oftwo model in the litterature
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Maxwelldeman

In 1867 Maxwell propred the following

thought experiment in atete to lud Retrin (it is

Ketrin who coined the name Maxwell demon).

Consider a gas at tamal aquilibrium at temperature

# in a containe separated by a barria
.

A deman

with surnatural powers controte a small door between the

to chambers and can decide to let pan or not

molecules from one wide to the other
.

More specifically

the velocity distribution of molecula is

glü)di = (5)
- 3/

exp)
the average relocity vanishe (1) = 0 and

the mean Kinatic energy (tu ) =E
T

.

same molecula one therefore slow and same are fast.
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r Side B

↓

The deman acts as follows :

· lets through molecula from -A if they have

high velocity

· lets through moterube fon At 13 if they here

bur relocity

Block molecule from parsing B-BA if they
have

four speed

: Black molecula from passing A + B if they bu

high speed

Eventualty the
gas aude up in a siluction with

high speed motences a the left and low sured

molet a the right . Correspendingly the

temperature of the o and issich Salife TATT
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since ETA = (m)m
P

#i
The deman appears to

violate the second fr

(A)
of themodynamics .

Indeed the initial situation

is a higher entropy state than the final

situation
.

Macore it would be possible to we

the gas in the find state to extract mechanical

wak from the to recevoirs at different en revalume
.

However this paradoxical because oneall this means

tat we extracted wak from the single reservoir

at equilibrium temperature T .

#WeassumBattemoments atrapdorandeen
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It is also easybe think of variations of

his thought experiment where the deman would et

a beat flow from a cold recevain bo a botten

are ; which again violen the second for of

thermodynamics if Misdeman does not expend

wak to open and doe the little trapdad.

--Sziland'sen give

In 1929 Sziland propard a reformation

of Maxwell's ranadox and mode a detailed

analysis in amen bo 'sofre' it
.
In a

mutshell Stiland angued that the deman needs to

measure
te speed of the molecule in coming
-

near the hopdoor , and thatthis measurement
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proces will dissiple heat and expend work . Followns

(Gabor, Brillouin , Foyuman , ... ) also explained

the paradox in similer tams
.

As we will see bler Bonnett later critized

This explanation as being really fundamatol and

proposed another resolution based on Landama's

principle.(Seht) .

For the moment hts summarize hae the

encutials of Stiland's analysis.

Sziland en gine is a cyclic proces as

follows .

a) A (single) molecule is in a box at thumal

equilibrium (temperatueT) with its

environement.Coutside the hox) .



⑧

b) We insente barrier in the middle of the box.

2) We measure location (left/right) of the

molecule with same reasurement device . If

molecule is on the left we insert a piston

a the right , remove the barrie , and slawly

let the piston more to the right in an isothermal

way (temperature T remains un changed)

If molecule is on the right , we insent a

pistethe left , remove the barra , and slarly
more the piston to the left in an isotheel

way .

d) At the end of this cycle the modent again

occupie the whole box
.

We can repect

Mis cycle endlenly .



⑨

Lett as

X

#

FX L weight .
#

Et (d)

In slep (2) the gas exents mechanical

wak on the environnement (as exemplified by a

weight that could be lifted) . This is
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prodoxical as it is a cyclic procen met

can be repeated again and a gain to extract

werk (from box ne environement) although
he system is at thermalequilibrium at

one singh temperature T . We have hae

a perretuum mobile !

Before discussing Sziland's proped te

resolve the panadox , let us compute the amount

of wak extracted .

Since the presen is isothemel we lave

that the promure exected on the piston schific

pr = NKBT with her N = 1. So

p=
Work for displacement dx is Face-dx =

~

psdx = pdV



⑪
(with S = transcence surface of piston)

Thus along one stroke of the cyclic angine :

~

AW = S I derofl
V/2

=- kisT (env = tuE)
=- kiTh) = - Thz .

tere the minis sign meas that mak is a

oferegy
-flux Mat

sortboxtenvironneeCthrough Cha

At the same time we can see that heat

must flow from the environement to the box

Indeed from the first Sow of themodynamics

Cenagy conservation

Au = A + AW



⑫

where AC = heat flow in box from env
* W = wak flow from box to er

At = o because the proce is cyclic
and the total inland energy
in box isconserved

.

=D XQ = - Xw = + kqTh2

In fact it is this heat flow mat maintains the

temperature constant as the box expands in the

isothermal proces .

Whatis Sailand's solution of the paradox ?

We have only taken into account step 121 So

far in the analysis . In fact the measurement

en
in Step (b) shaddissipate heat and

mvillimpedeevhellyDe extractione
limit anselves to an intuitive explanation.
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In ader to get a define value of the

locatio measurement (Right/left (a 12/0

we must here
same sat of friction involved

Imagine a barrie that can hum around saw axis

an records the Right/left location of the
(

moteal as an angle raniable" :

cimilial 4 (find position of barr .z &
position S

# #
The friction unables the barric to get 'stuck' in its

final position , thus indicating the side of the box

when the mybeaut residen
.

However eventuallyhis

friction will generale heat and the berrie rotations

with terialize with the reservoir producing

↳



⑮

randam oscillation and random angles . Hance we

will male eventually mistalle on the location of the

motule & on the side in which the piston should

be insected
.

This with crentually on te lag run

lead to restitute wak from theenvironnement to

the pishen a box (the weight you down in shead

o up) 0
On average the mak extracted (and

height of weight) stays teno
:

A very detailed discussion can be found in

Feyaman's lectures (votI) on his famous

rachet & part vasion of Stiland's en gime .

#sismof this explanation : in fact as

discped by Bennett are can devise measurement devis

not do not involve friction .
See Scientific American

paper by Bennett for example . More on this late.
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andance'sprinciple . (1961)
--

Im a quite independent development

Landance (then at Figis research) reflected on the

heat dissipated by computing device . This in

tre had a bearing on the modern restation of

the above paradexer connected with Maxwell's deman

and Sziland engine .

Consider the most elementary information

procoming task : easure of 1 bit of information.

How to famalise this ?

According te Landance the ensure of 1 bit

in a memory amountsb a RESET OPERATION

tet resets the momoig to the Zero STATE O

wheherer was the Initial Slate (assume the
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initial state was 0 on 1). One may
think of reating magnetization domains in

disk ect... Here is are iflustrations uned by

Landaue :

The
maray is a double well potential and the

RESET Ceature) operation amounts to apply a

time dependence to tis double well
.
The penticle

goen to the zero state where it slays so due to

friction tocvoidscillations .

RESET

w arration w
o state ⑨ · 2 state

L ↓

W W
&

↓ ↓

W (2) w
&
↓

o state . W (3) w o state⑧
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Similarly one may conside a box model

similar to Sziland's engire - but different - tre

it is a memay device :

liste
*

remove
bareten

"
↓o
push piston to helve the volume

I
incont barrie and
remove piste

Intlam
m

All Mis is just auclogam to the dable well.
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It should be clear from the box modet that

the piston exacts a wal on the 'box' on

molecul' &w = + kThz .

This can be proven just as in the analysis of

M Stiland engine (the compression is isothermal(

and here the plus sign is because the flax of

wak/eagy goen from environment into the box.

As a consequence by energy ensavation a heat

flux goe, from the box into the environnement

and an amount of heat DC = -ETC2

is released inl the environment.

Perhaps mone geneselly we can also une

te following information Reoretical angument .

The entropy of the initial state of the memory
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is (with Pale = prob te find mot in L/R)

- Phin-PahPr = -th-th

=
-
h + = +h &

-
--

After the reset operation we have Pr =1 , Pa =

Mun the atrope is 0.

(AS) Sfind * Sirinid = 0-b en

Using # S)Box=Box
we find

T

#Prox = =K Th2 which flows in the box.

6)
Eur
=+4Ther flows in the avironment

-
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We anive et Landama's principle :

IT
"The crasure of 1 bit of information

recenarily is accompagnied by at least

KtC2 of heat released in the environment."-

me

andmilisisms
-

There have been many debate about the senera

validity of this claim . Varian studia have andyed

models to prave the claim . Of comme there proofs are

always velid within the models
.
We give two

interventing aference that 'prove te claim for

stochastic
,
deterministic

,
and quantum dynamical

model :

* K
.
Shizume PhylerE 52 , 3495 (1995)

* B .

Piechoriska Phystr A 21 , 062313
(2000) -

*
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4) Modern resolution of Maxwell's deman and
-

iland'sengine paradoxe

The modern solution of the paradoxe came quite

late in the 20th century Carand 1980's) .

The solution offered by Sziland and followas can

be citised because it is in principle possible

↓ perform measurement in a dissipation In wal

(i . e without 'friction') . In fact Bennett and

oher have provided example of mechanical devio tot

do so see for example Scichific American review

of Bennett 1557) . A conceptual/found idea

is as follows . Let X - 10 , 13 a dege of

freedom to be measured (28 7/R location

of motecd) . The measurement means that
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me record the value of this degree of freedom

in a variable y . Mathematically this is

a CNOT operation :

(NoT(X , y) = (X , y(x)

withy setbo a predefined state (say y =0

This operation is logically inventible
.
There is

no lose of information and therefore it should

be possible to implement it with a device mot

operate in a thermodynamically revensible way

without entropy loss or heat dissipation .

But then how do we resolve the paradoxe

of daxwell's deman and Stiland's engire ?
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According to Benmatt and Landave in

ada to repect the cycle of the engine the

value y EX recorded in the "demon's memay"

has to be enaxed . This should be clear if

we assume the memory is finite . (If it is
infinite this par the conceptualproblems as

the proces is then not cyclic and rever ending ; we

do not discuss this issue ) .

The enesure of the dema's memory with

accoding he Landamen's principle , dissipation an

amant of heat (ETC) from the memory

↓ the environnement
.
At the same time this

requires expenditute of work DW = KBTh2

to be obne on the memory.
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Incresiblevasus reversible computation.

As we all know on computing devis

dissipate heat . Landana's principle discussed

before can be extended to logical operations
Smat compen the "phane space ; o in other

wade are not "inventible"
.
There satisfy

AS = Sgind-Sinitial 30 and we expect

a minimal amount of heat AC = KT AS

will be dissipated.

It is accepted loday tat Landaner's

principle sets a limit on the minimum possible

amount of leat dissipated by docie et proces

information in logically inrevessible ways.

(the map output = & Limput) is not

investible)
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En example AND

,
OR
,
NAND

,
NOR

an all irrevessible

AND(x
, y)= Xxy = Xy

or(x
, y) = X vy = 1xy

RESET(X) = 0 is also irrevensible-

Assuming Net the easure a RESET peration

con be used toset the ade of magnituch of

te minimum heat dissipated in a computation
-2/

w find KAThz =
2
,
9 x10 Saules

= 0
,
018ev

per " operation" at room temperature · Todays

computers dissipate much larger amounts of

heat of comme . Komey'sfour state that

evry 1
, 57 years (more recentutimale give 46 year)
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the enagy consumption of an devises is

divided by 2 . (this is an anolog of the

Faman Molan which applic toMsical Size

insled of magy consumptia)

According to Koomey's bo me would be

reaching Landane's limit in approx 2000

d So .

-ando hette
and compeninen

Accoding to Bennett (and Toffalis Fredkin,

and others) This is possible by using logically

reversible saten . logically reversible galen ought

to be implementable by devien Rat do met,

in principle, dissipate heatsince phane space
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is not compened . This is briefly

discussed in the mote of CS-308 and we

will not go in great detail hare.

The main idea is to replace the AND,

or
,
cool gale by Toffali gale as

follows :

X =a- Y

J. I =xis
= AND (X, 4)

- -

X- X

I
i -- jI
1- - #1 = NOT(xy)

= xvy
= or(X, y)

X-- X

·- a

G -X = coPy(X) .
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By a thenem of Evit Post (beginning

of 201h catuny) any binary imput-hinary

cutput function can be computed fromau

acyclic circuit composed of (AND, OR, COPY)

Co NAND
,
COPY) · Thus using Taffal :

sale and extra bits the circuit con be

made logically revessible :
physical knewr
m w

There is no general principle not require

heat dissipation in a logically reversible

suputation .

More on this can be found in Bennett

seriou paper (se moodle page).
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Een dire into Landave's principle

We propose too popers from the Citecture

mat model in quile de tail the steps of

Landam's analysis .

Perhaps the most faithful b Landomen's

original arguments is the one by

#
.
Shizme PhysReve 52 , 3395 (1995).

This is bored a the analysis of a stochastic

mon involving friction to perform the

RESETgerben property . This study

concurse purely classical bit.

Im B
.
Picchoniske Phys BrA 61

-

062314 (2000) a more general angument

is given which appli todessical as
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well as quantum models
.
The heat both

paraly
-

however is mochlled in a Hamiltonian way

which make the anguement not entirely complete

Here we present an analysis of

Landomen's principle r following B .

Piechouiska

for a boy quantum bit . We model

the RESET operation leasure) for one

quan then bit .
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Aquantumtoy model illustrations

dom'sprinciple

The qubit memay is modeled as a

to Gret system with degencule energy level

Eo g

H = (
o So S

couver panding ↳ state 122 El 0)
,
122%

The initial stake of his memory is

init

Timit = prit 102 sol + 42 122 (2)

in if

The entropy is maximalif pri = Pe =

The RESET operation of the memory should bring

me state to

Sfind
= 10)Sol



leg a photon gas)
2

The qubit is coupled to a heat beth her

simply modeled by a thermal density matrix

Jea= Ins sel

· = [e-
BEr
-B = (5)B

M

The RESET deration proceed as follows.

We apply a time dependent field to the
qu bit

H()
= (2) + d(t)( -3)

=

which splits the spectrum as follows :

1 Es + Jxts

I 11) ·E-
Mod1

T
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withJco = J(T) = 0 ·

· If the memory shut in state 12) after same time

it will release a photon and end in state dod
.
This

is due to a compling between the qubit and reservoin.

· If the
memory starts in stak 103 we suppare

Not it stays in state 103 .
This require that for

most of the time JCt)) Max En so the qubil

cannot chrab a photon.

· Finally we suppre tat the reservaie Cheatbathl

is subject to some decoherence so that after

the photon has been emitted its density matrix

stays diagonal in the energy basis Im).

The if the initial state of the reservoir was (m)

and the fina state Imb
,

the energy flox o

heat dissipated by the memory in
to the reservoir is
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-C = Em-En

We shen tat there three points are quite heuristic and

a more deep treatment would be needed (used

same open quantum system famalism auch as

lindblad dynamics) ·

Consider new a transition between Initial and final

state of (M = memay : R= surci (

(i) emn) -> (f) +1m)
M R M R

Set

M en pit hu P
Final
+ B(En-En)

in; fu
=

F

imif in if
For the moment Pi = (p , pint) and

find

if = (pfind , find) are generat prob dist.11

later we specify them for the RESET operation
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init imit fina

t Po = Pe = < & Po = 1
, find

T N the india are random
~ m

in ; fr

variables with joint probability distribution

2
imit - BEm

Kfim /E / m) / Pi .

2
&

- Z
unitery evelation'

Therefore

it(eTinfu) = Leinfe(

=
[e-TinfrKfelElims/nit-BEn
in fre E

Final

=
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final -BEr 2

= 1 < fr/ fin) /
z

=I
indEn fr

·Z im

-
I

by unitarity of Ut , the

liver & columns ara
nomalized to 1

find -SEM
= Fig .

[2 = 1 .

f mi
-
-

2
2

=Fri)= e.e

-

Landaner's principle will follow from this formula as

we now show
.
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Using connexity of the exponential

-

2-I Sensen inequality&
&

g

we find :

M
- <M]

2 =( > 2

Kilo
-

Let us see in detail what tris means

(M) = < hp) . Ch pie) + PLEEL
- - -

=Epiteprepe + 3XQ
[

=

- Sinir + Stira + PC
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We have not (M) 30 implies :

3593 Simit-Stimal
-

heat flow From

memory into lefervoir

For the RESET openation we have Simil = tuz

and Stind = 0
.

Thus DQ +KJt2

We have "drived" Landane's principle :

"An amount of heat at least KThur is dissipated

from memory to the environnement during the

enasure of 1 qubit of information"-

(From te first Car of Rermodynamics if the internel

energy of the System has not changed this also entents

expenditue of AW = Kathm of mak to case the memay)
- The End -


